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Abstract: By considering radiative corrections of up to 3rd-loop order, Ritus and Narozhny
conjectured that the proper expansion parameter for QED in a strong constant crossed field
is g = αχ2/3, where the dynamical quantum parameter χ = e
√−(Fp)2/m3 combines par-
ticle momentum p with the external field strength tensor F . Here we present and discuss
the first non-perturbative result in this context, the resummed bubble-type polarization
corrections to the electron self-energy in a constant crossed field. Our analysis confirms the
relevance of the scaling parameter g for non-perturbative effects induced by bubble-type
radiative corrections. This parameter actually represents the characteristic value of the
ratio of the 1-loop polarization bubble to the photon virtuality. After a non-perturbative
resummation we identify and discuss two contributions to the self-energy with different
formation regions and asymptotic behavior for g  1. Whereas the breakdown of pertur-
bation theory occurs already for g & 1, the leading-order result remains dominant until the
asymptotic regime g  1 is reached. However, the latter is specific to processes like elastic
scattering or photon emission and does not have to remain true for general higher-order
QED processes. The developed tools are likely to be useful for obtaining further insights
into the non-perturbative regime g & 1 in general and, in particular, for deriving definite
experimental predictions.
1Corresponding author.
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1 Introduction
Strong electromagnetic fields show up in atomic physics (including heavy ion collisions and
passage of ulrarelativistic particles through crystals), astrophysics of compact objects, at
the interaction point of future lepton colliders, and during the interaction of high-power
lasers with matter. A strong field is often well described by a coherent state that is not
significantly altered by the quantum processes which it facilitates. This justifies the strong
field approximation, which originated in the works of Furry [1], Sokolov and Ternov [2],
and Keldysh [3]. Accordingly, one neglects quantum fluctuations and back-reactions on
the field itself, and treats the field as an external, i.e., given, classical one. However, its
impact on the quantum processes in question is taken into account exactly.
A very important case is a constant crossed field (CCF), for which both field invariants
are zero ( ~E · ~H = 0 and E = H). This ’instantaneous’ approximation is robust in many
situations involving ultra-relativistic particles [4]. Already the very first considerations of
the basic QED processes of photon emission and pair photoproduction it was observed
that asymptotically, for χ  1, the probabilities scale as g = αχ2/3 in a CCF, where1
1We use units such that ~ = c = ε0 = 1, electron mass and charge are m and −e with e > 0, and
Minkowski metrics signature is (+,−,−,−).
– 1 –
1 loop
(1a) αχ2/3 [6] (1b) αχ2/3 [7]
2 loops
(2a) α2χ2/3 logχ [8]
(2b) α2χ logχ [9]
(2c) α2χ2/3 logχ [10]
3 loops
(3a) α3χ2/3 logχ [11]
(3b) α3χ2/3 logχ [11]
(3c) α3χ log2 χ [12]
(3d) α3χ2/3 log2 χ [11]
(3e) α3χ4/3 [11]
(3f) α3χ log2 χ [12]
(3g) α3χ5/3 [12]
Table 1. Known asymptotic scaling for radiative corrections in a CCF to the polarization operator
(left) and the mass operator (right). For each diagram the row specifies the χ  1 asymptotic
behavior together with the corresponding source. The dominant scaling in χ is highlighted in bold
for each loop order.
α = e2/4pi is the fine structure constant [5]. The so called dynamical quantum parameter
χ = (e/m3)
√−(Fµνpν)2 measures the rest-frame field strength in units of the Schwinger
critical field F0 = m
2/e [5]. Later, the same scaling was also found for the one-loop
polarization [6] and mass [7] radiative corrections, related by the optical theorem to the
probability rates for pair production and photon emission, respectively.
After the consideration of radiative corrections up to 3rd loop order, it was conjectured
that g might replace α as an effective expansion parameter for QED in a strong CCF [4, 8–
12]. Nowadays, this supposition is known as the Ritus-Narozhny conjecture [13]. Radiative
corrections which have been calculated for a CCF are shown in Table 1. Note that the
2nd and 3rd loop contributions containing vertex corrections are missing, as they have not
been calculated yet. However, they were believed to be subleading [11, 12] (the results
presented in [14] seem to contradict this assumption and should therefore be reconsidered).
Even though the leading-order results (see diagrams (1a) and (1b)) already indicate the
importance of g for the overall scaling of radiative corrections, it is not clear from the
outset that this parameter also determines the importance of higher-order contributions
and thus the breakdown of perturbation theory.
To determine the effective expansion parameter, which governs the breakdown of
perturbation theory, one has to examine the ratio between the (n + 1)th and the nth
– 2 –
+ + + . . .+ + . . .
Figure 1. Bubble-type polarization corrections to the electron mass operator (double lines denote
the dressed electron propagators in a constant crossed field [15]). The corresponding exact photon
propagator, obtained after resummation of the Dyson series with account for the 1-loop polarization
operator, is referred to as the bubble-chain dressed photon propagator throughout the paper.
loop order. For the mass operator (right column in Table 1) and n = 2 this ratio is
(3g)/(2b) ∼ g = αχ2/3. Narozhny conjectured that the same scaling will hold at all higher
loop orders n > 2 [12]. The previously considered ratios (2b)/(1b) ∼ αχ1/3 for the mass
operator and (3c)/(2a) ∼ αχ1/3 for the polarization operator initially caused some con-
fusion about the correct expansion parameter [9, 11]. The current interpretation is that
these findings represent exceptions at the beginning of the expansion. Note that for the
polarization operator these ratios are upshifted by one loop order with respect to those for
the mass operator, as the polarization operator contains an extra fermion loop. It is there-
fore believed that g also represents the effective expansion parameter of the polarization
operator starting from 4th-loop order, yet to be accurately calculated. The Ritus-Narozhny
conjecture, as formulated in a final form in the paper [12], states2 that for χ  1: (i) the
radiation probability and radiative corrections are enhanced by powers of χ; (ii) the ratio
of the dominant contributions to the (n+ 1)th and the nth orders of perturbation theory
scales proportional to g – in this sense g represents the effective expansion parameter for
perturbation theory in a strong CCF; (iii) the corrections growing as the highest power
of g at each order of the perturbative expansion are those accommodating the maximal
number of successive polarization loop (bubbles) insertions as shown in Figure 1.
Note that this is in sharp contrast to ordinary (field-free) QED, where the expansion
parameter α is small and the effect of higher-order vacuum polarization corrections, after
renormalization, is a logarithmic growth of the effective charge, still remaining small for
all reasonable energies, i.e., below the electro-weak unification scale. A situation which, at
first glance, might appear very similar to a supercritical CCF, but which is actually qual-
itatively different, is the case of an electron/positron occupying the lowest Landau level
(LLL) in a supercritical field [16, 17]. In this case the applicability of dimensional reduction
facilities non-perturbative calculations, which have been carried out in the context of spon-
taneous chiral symmetry breaking [18]. The Ritus-Narozhny conjecture, however, applies
to an ultra-relativistic electron/positron, which has quasi-classical trajectories. Thus, it
effectively occupies very high Landau levels. Nevertheless, the LLL case can be mapped
heuristically to the CCF case. To this end we note that for the ground Landau energy
level εLLL ∝
√
B/F0 [19], the corresponding value χ ' (B/F0) · (εLLL/m) ' (B/F0)3/2
effectively maps into g ' αB/F0 (c.f. [20]). As to be expected, the two situations also
exhibit qualitative differences. For example, the one-loop mass operator is only enhanced
2In fact, the assertions forming the conjecture are scattered along the concluding part of the paper [12],
here we combine them all together.
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Figure 2. Overview of the two most important parameters (χ, a0). The domain of validity of
the locally constant field approximation (LCFA) a0  max{1, χ1/3} is indicated in blue, and the
subdomain of the non-perturbative regime g = αχ2/3 & 1 is hatched in red.
in a CCF [7, 9], not in a supercritical magnetic field [21].
Whereas supercritical magnetic fields are encountered in astrophysics, most researchers
regarded a proof of the Ritus-Narozhny conjecture as an academic exercise with no practical
relevance. This perspective has changed only recently, after realistic experimental proposals
to probe the regime g & 1 were suggested. In particular, it was demonstrated that the
value g ' 1 can be attained by mitigation of rapid radiation losses in beam-beam collisions
at a near-future lepton collider [22]. Alternatively, electrons could be collided with strong
optical laser at oblique incidence [23] or head-on with strong attosecond pulses generated by
reflection of high-power optical laser pulses from a solid target [24]. Their passing through
solid targets, which are irradiated from the back with ultraintense laser pulses, represents
another suggested setup [25], as well as the channeling of multi-TeV electrons/positrons in
aligned crystals [26].
It is obvious that a CCF can be only approximately realized in practice. According
to recent discussions (see, e.g., [27–29] and the references therein) the locally constant
field approximation (LCFA) is valid under the conditions a0  1 and a0  χ1/3, where
a0 = eFτ/m is the classical non-linearity parameter. Here F and τ are the typical field
strength and field variation length/time, respectively. These conditions ensure that the
typical formation scale for strong-field processes like photon emission, pair production or
elastic scattering is smaller than the scale over which the field changes significantly. Under
these conditions the results derived for a CCF are applicable [22]. Whereas the importance
of the former condition (a0  1) was realized and stated explicitly already in the initial
publications on this topic (see, e.g., [4, 5]), the necessity of the latter condition (a0  χ1/3)
was not widely known (previous works commonly implied χ . 1). This is illustrated in
Figure 2, where the domain of validity of the LCFA is indicated in blue and the location of
the non-perturbative regime is hatched in red. Recent rigorous considerations of the 1-loop
mass and polarization operators in a strong pulsed field [30, 31] explicitly demonstrated
that in the high-energy limit, with field strength and duration kept fixed (given a0), the
scalings observed in a CCF no longer apply. Instead of a power law enhancement only a
logarithmic scaling with χ is observed. This becomes obvious in Figure 2. For fixed field
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strength and duration (given a0) the high energy limit means motion rightwards along a
horizontal line. This inevitably implies that the domain of validity of the LCFA will be
left. In fact, the effective charge exhibits a logarithmic dependence on the field strength
parameter χ even in a pure CCF [32]. However, as we will show below, this is irrelevant
to the Ritus-Narozhny conjecture, which focuses on the scaling of the effective masses.
Here we revisit the Ritus-Narozhny conjecture and present the first all-order resum-
mation of the bubble-type polarization corrections to the electron self-energy shown in
Figure 1. According to the Ritus-Narozhny conjecture this should be the dominating con-
tribution to the cumulative higher-order radiative corrections for g & 1. Note that a similar
resummation of the 1-loop radiative corrections to external electron and photon lines in a
laser field was previously discussed in [33, 34], see also [35] for more details. Our consid-
eration not only confirms the importance of the parameter g for such kind of corrections,
but also provides further insights into its nature and importance.
The rest of the paper is organized as follows. After introducing our notation and tech-
nical preliminaries in Sections 2 and 3.1, we discuss how the parameter g emerges in bubble
diagrams in Section 3.2. Next, in Section 3.3, we present an approximation which facilitates
their all-order analytic resummation and identify two qualitatively different contributions,
one associated with photon emission and another one related to trident pair production.
Their explicit evaluation for χ  1 is finalized in Section 4. A detailed summary and
further discussion of our results and their implications are presented in Section 5. To keep
our presentation succinct, we summarize the main properties of the 1-loop polarization
operator in a CCF in Appendix A.
2 Bubble-type polarization corrections to the mass operator in a con-
stant crossed field
In this paper we focus on studying the bubble-type polarization corrections (see Figure 1)
to the electron self-energy in a CCF, or, more precisely, to the on-shell elastic electron scat-
tering amplitude Ts(p) = −M(χ)/(2p0), where the invariant amplitudeM(χ) ≡ u¯p,λMup,λ
depends on the dynamical parameter χ. Here M is the mass operator of an electron and
up,λ is a free Dirac spinor characterizing the electron spin state.
In the Ritus Ep-representation [4, 7, 9] the correction to the mass operator in a CCF
depicted in Figure 1 reads
−iM(p′, p) =
∫
d4x d4x′ E¯p′(x′)(ieγµ)Sc(x′, x)(ieγν)Ep(x)Dcµν(x
′, x)
=
∫
d4l
(2pi)4
d4q
(2pi)4
Γµ(l; p′, q)
i(/q +m)
q2 −m2 + i0Γ
ν(−l; q, p)Dcµν(l). (2.1)
Here Sc denotes the tree-level dressed electron propagator and Dc is the bubble-chain
dressed photon propagator [6] attached to the electron line in Figure 1. The 4-momenta of
the virtual photon and electron in the outer loop are denoted by lµ and qµ, respectively,
/q = γµqµ, and Ep(x) is a matrix solution to the Dirac equation in a CCF, which reduces
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to the unity matrix if the field is switched off adiabatically [7]. Furthermore,
Γµ(l; p, q) =
∫
d4x e−ilxE¯p(x)(ieγµ)Eq(x) (2.2)
is called dressed vertex [9], where Dirac conjugation of a matrix E¯p = γ
0E†pγ0 is denoted
by a bar. For the sake of clarity Eq. (2.1) is written in two different ways: the right-hand
side of the upper line is written in a coordinate representation, whereas the lower line
expresses the electron propagator in the Ep-representation and the photon propagator in
the momentum representation.
The bubble-chain dressed photon propagator in a CCF reads [4, 6, 9]
Dcµν(l) = D0(l
2, χl)gµν +D1(l
2, χl)εµ(l)εν(l) +D2(l
2, χl)ε
∗
µ(l)ε
∗
ν(l), (2.3)
where χl = (e/m
3)
√−(Fµν lν)2 is the dynamical quantum parameter of the virtual photon,
εµ(l) = eFµν l
ν/(m3χl) and ε
∗
µ(l) = eF
∗
µν l
ν/(m3χl) are the normalized field-induced trans-
verse 4-vectors, and F ∗µν =
1
2εµνλσF
λσ is the dual field strength tensor. The longitudinal
component in (2.3)
D0(l
2, χl) =
−iZ
l2 + i0
, (2.4)
differs from the field-free one only by a finite factor Z(l2, χl), whereas the transverse com-
ponents
D1,2(l
2, χl) =
iZ2Π1,2
(l2 + i0) (l2 − ZΠ1,2) =
−iZ
l2 + i0
− −iZ
l2 − ZΠ1,2 , (2.5)
exhibit additional poles corresponding to two effective photon masses (one for each trans-
verse photon polarization state). They are determined by the renormalized eigenvalues
Π1,2(l
2, χl) of the polarization operator. The explicit expressions for Z and Π1,2, as well as
further details are given in Appendix A.
Overall, the only effect of the factor Z(l2, χl) is to introduce an effective coupling
α 7→ αeff(l2, χl) = Z(l2, χl)α (cf. [32]). However, Z remains very close to unity for all
reasonable values of l2 and χl. Therefore, we will ignore this logarithmic correction by
setting Z ≈ 1 and αeff ≈ α from now on.
In the following we will simplify the expression obtained by combining Eqs. (2.1) and
(2.5). The part of the calculation which closely follows Ref. [9] will only be outlined. Since
Ep(x) differs from a plane wave e
−ipx only by a factor depending on ϕ = kx (kµ is directed
along the Poynting 4-vector of the CCF, its normalization is arbitrary), the dressed vertex
(see Eq. (2.2)) in a CCF can be written in the following way
Γµ(l; p, q) =
∫ ∞
−∞
dν δ(4)(p− q − l − νk)Γ˜µ(ν; p, q), (2.6)
where νkµ is the energy-momentum transferred to the external field. Γ˜µ(ν; p, q) can be
expressed in terms of the Airy function [36]
Ai(t) =
1
2pi
∫ ∞
−∞
dσ e−i(tσ+σ
3/3). (2.7)
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Due to the transversality of a CCF the dresssed vertex remains invariant under translations
of its arguments p and q by 4-vectors proportional to kµ. The 4-dimensional δ-function,
shown explicitly in Eq. (2.6), expresses energy-momentum conservation with the external
CCF included. Due to the presence of two such δ-functions (one from each dressed vertex)
in (2.1) p′ can actually differ from p only by a 4-vector proportional to kµ, hence we can
apply the replacement Γ˜µ(−ν ′; p′, q) 7→ Γ˜µ(−ν ′; p, q). Then, one of the two 4-dimensional
δ-functions in Eq. (2.1) removes the integration over d4q, after which only 6 integrations
remain: over d4l, dν and dν ′.
It is convenient to apply the following changes of variables: lµ 7→ {l2, u, ρ, ρ˜} and
ν 7→ µ, where u = χl/χq, ρ = pµεµ(l)/m, ρ˜ = pµε∗µ(l)/m, and µ = q2 − m2 is the
electron virtuality. After these substitutions the integrals over ρ and ν ′ are trivial, and the
remaining 4-dimensional δ-function provides the diagonality of the mass operator in the
Ep-representation, M(p
′, p) = (2pi)4δ(4)(p′ − p)M(p). This diagonality is expected due to
the translational symmetry of the CCF, as M(p′, p) is gauge invariant. Even though we
sum only a subclass of diagrams M(p′, p) is indeed gauge invariant, as the bubble-chain
dressed photon propagator is transverse. Finally, the variable ρ˜ can be integrated out by
employing the formula ∫ ∞
−∞
dρ˜Ai2(a+ ρ˜2) =
1
2
Ai1(2
2/3a), (2.8)
where
Ai1(t) =
∫ ∞
t
Ai(x) dx =
−i
2pi
∫ ∞
−∞
dσ
σ − i0 exp
[−itσ − iσ3/3] (2.9)
is the Aspnes function, see section 3.5.2 and Eq. (3.105) in [36]. After these simplifications,
the final expression contains three integrations over u and the virtualities l2 and µ. In
addition, several integrations are ’hidden’ in the definition of the Airy functions and in the
final form of the bubble-chain dressed photon propagator (see Eq. (2.4)).
After substituting the mass operator into the invariant amplitudeM(χ) ≡ u¯p,λM(p)up,λ,
where up,λ is the free Dirac spinor, p
2 = m2, and λ indicates a spin state, and evaluating
the resulting spinor matrix elements, it is natural to split M into two terms,
M(χ) =M0(χ) + δM(χ), (2.10)
where
M0(χ) = αm
2
(2pi)2
∫ ∞
−∞
du
(1 + u)2
∫ ∞
−∞
dl2
∫ ∞
−∞
dµ
µ+ i0
D0(l
2, χl)
×
{(
2 +
l2
m2
)
Ai1(t) + 2
u2 + 2u+ 2
1 + u
(χ
u
)2/3
Ai′(t)
−2 eF
∗
µνp
µsν
m3(1 + u)
(
u
χ
)2/3
Ai(t)
}
,
(2.11)
t =
(
u
χ
)2/3(
1 +
1 + u
u2
l2
m2
+
1 + u
u
µ
m2
)
, (2.12)
χl =
uχ
1 + u
, (2.13)
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corresponds to the 1-loop contribution (i.e. the one containing no vacuum polarization
insertions, see the first diagram in Figure 1). This leading-order result has already been
calculated and discussed by Ritus [9]. The (not necessarily small) modifications induced
by vacuum polarization are denoted by δM(χ). Here sν = u¯p,λγνγ5up,λ/2m is the electron
spin 4-vector [19, 35].
Note that the mass operator needs to be renormalized before physically meaningful
quantities can be inferred. According to the standard procedure, this is done successively
by proceeding from inner to outer loops. However, if one employs the renormalized polariza-
tion operator from the beginning, only the outer (photon) loop remains to be renormalized.
This is achieved by adding and subtracting the field-free amplitude M(F = 0), which is
renormalized in the standard way and vanishes on-shell [9]. In case of M0(χ) this implies
that we have to replace the function Ai1(t) in Eq. (2.11) with
Ai
(ren)
1 (t) =
−i
2pi
∫ ∞
−∞
dσ
σ
e−itσ
(
e−iσ
3/3 − 1
)
. (2.14)
In the following we assume this replacement inM0(χ) by default without explicitly chang-
ing our notation. After renormalization, M0 exhibits the following asymptotic scaling for
χ 1 (see Eq. (72) in Ref. [9] and Table 1, diagram (1b))
M0(χ 1) ≈ e−ipi/3 28
6
√
3
27
Γ
(
2
3
)
αχ2/3m2 ' 0.843(1− i
√
3)αχ2/3m2. (2.15)
The non-trivial contribution δM(χ) = δM1(χ) + δM2(χ) in Eq. (2.10) is given by
δM1,2(χ) = − αm
2
(2pi)2
∫ ∞
−∞
du
(1 + u)2
∫ ∞
−∞
dl2
∫ ∞
−∞
dµ
µ+ i0
D1,2(l
2, χl)
×
{[
1 +
l2
m2
u2 + 2u+ 2
2u2
]
Ai1(t) +
(
u2 + 2u+ 2
1 + u
± 1
)(χ
u
)2/3
Ai′(t)
−eF
∗
µνp
µsν
m3
(
1
1 + u
± 1
)(
u
χ
)2/3
Ai(t)
}
,
(2.16)
where t and χl are defined in Eqs. (2.12) and (2.13), respectively. Unlike M0, these terms
vanish as the field is switched off, hence they remain unaffected by renormalization. Apart
from the spin-dependent terms, which we write here explicitly, our expression in Eq. (2.16)
is equivalent to Eq. (42) in [12], where the factor Z was also set to unity3.
So far we have mainly followed [9]. From now on, however, we will proceed differently
than in the existing literature [8–12], which now applied a perturbative expansion
Π1,2(l
2, χl)
l2 −Π1,2(l2, χl) =
∞∑
n=0
(
Π1,2(l
2, χl)
l2 + i0
)n+1
. (2.17)
3According to our investigation the extra overall factor 1/|χ| present in [12] is a typo. As we discuss in
the next section, the extra terms proportional to µ inside the coefficients of the Airy and Aspnes functions
in Eq. (42) of [12] actually vanish after integration.
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Here, we carry out a non-perturbative calculation and derive the large-χ asymptotic scaling
of the whole amplitude given in Eq. (2.16). Our calculation effectively corresponds to a
resummation of all bubble-type diagrams in Figure 1. In order to achieve this goal, we
process the outer integrals in a different order than in [9, 12].
3 Analysis and all-order resummation of the bubble-type radiative cor-
rections
3.1 Integration over the electron and dressed photon virtualities
We will now proceed with the evaluation of Eq. (2.16). To this end we employ the integral
representations for the Airy (2.7) and the Aspnes function (2.9). Furthermore, we change
the order of integration and first integrate over the virtualities µ and l2. Then the integral
over µ reduces to the textbook form∫ ∞
−∞
dµ
e−iµs
µ+ i0
= −2pii θ (Re s) , (3.1)
where θ is the Heaviside step function and s = σ (u/χ)2/3 (1 + u)/(um2) has dimension of
inverse mass squared and is proportional to the proper time of the electron in the outer loop.
We treat the parameter s complex-valued if u is negative. Note that if any contribution to
the coefficients of the Airy and Aspnes functions in Eq. (2.16) which are linear in µ were
present (as in Ref. [12]), they vanish at this point. To show this we note that∫ ∞
−∞
dµ
µ e−iµs
µ+ i0
= 2piδ(s), (3.2)
hence such terms do not contribute after the integration over σ is carried out (more details
are given below).
Next we consider the integral over l2, which is more involved, but can be suitably
approximated. After substituting Eq. (2.5) into Eq. (2.16) we obtain two kinds of integrals4
J1,2(τ) =
∫ ∞
−∞
dl2
{
l2
m2
, 1
}
Π(l2, χl)e
−il2τ
(l2 + i0)(l2 −Π(l2, χl)) , (3.3)
τ = τ(σ, u) =
σ
m2
(
u
χ
)2/3 (1 + u)
u2
, (3.4)
where Π(l2, χl) is either Π1 or Π2 and τ is proportional to the dressed photon proper time.
Note that the components of the polarization operator admit a one-sided Fourier integral
representation (see Appendix A)
Π(l2, χl) =
∫ ∞
0
dτ Π˜(τ, χl) e
il2τ , (3.5)
where Π˜1,2(l
2, χl) are given in Eq. (A.9). For χl & 1 the value of the integral is effectively
accumulated at τ ' τ (1)eff = 1/(m2χ2/3l ). In the following we mainly focus on the asymptotic
4Note that the indices 1, 2 correspond to the values given in curly brackets.
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region g & 1 and derive an approximation which is valid in this regime. To this end we
combine Eq. (3.5) with the complete perturbative expansion given in Eq. (2.17) and rewrite
J1 as
J1(τ) = −2pii
m2
∞∑
n=0
(−i)n
n!
(
n+1∏
a=1
∫ ∞
0
dτa Π˜(τa, χl)
)(
τ −
n+1∑
a=1
τa
)n
θ
(
Re(τ)−
n+1∑
a=1
τa
)
.
(3.6)
After outlining the perturbative treatment in Section 3.2, we continue with the non-
perturbative calculation in Section 3.3.
3.2 Perturbative analysis of the bubble-type corrections to all orders
Previous derivations [9, 12] of the elastic scattering amplitude were based on a perturbative
truncation of the expansion in Eq. (3.6) for n ≤ 1. This procedure, however, becomes hardly
possible at higher orders, as the overall number of nested integrals grows substantially.
Nevertheless, this approach still provides some qualitative insights into the scaling of each
order of perturbation theory at 1 χ . α−3/2 (αχ2/3 . 1).
In order to identify the leading-order scaling for the higher-order contributions to
Eq. (2.16), we firstly investigate the term ∝ (χ/u)2/3Ai′(t). At 1-loop order the asymptotic
expression in Eq. (2.15) is obtained from such a term in Eq. (2.11). We note that in the
perturbative expansion the contribution toD1,2, which corresponds to r = n+1 polarization
loop insertions, is proportional to the nth term of the expansion in Eq. (2.17). The effective
value of the integrals is formed at ueff . 1 and teff . 1, hence Ai′(t) is formed at σeff ∼ 1,
see Eq. (2.7). This allows us to approximate (up to a complex numerical coefficient)
M(r) ∼ m2αχ2/3
∫
du
u2/3
∫
dl2
l2 + i0
[
Π1,2(l
2, χl)
l2 + i0
]r
e−il
2τ , r = 0, 1, 2, . . . , (3.7)
where χl ' uχ (see Eq. (2.13)) and τ ∼ 1/(m2χ2/3u4/3) as follows from Eq. (3.4). By
noting further that (l2)eff ∼ 1/τ ∼ m2χ2/3u4/3 and assuming dl2 ∼ (l2)eff, we arrive at an
estimate for the integral over the photon virtuality l2,
∫
dl2
l2 + i0
[
Π1,2(l
2, χl)
l2 + i0
]r
e−il
2τ ∼
(
Π1,2((l
2)eff, χl)
(l2)eff
)r
. (3.8)
For r = 0 (no bubbles) the value of the integral over u in Eq. (3.7) is formed at u ∼
ueff ∼ 1. Thus, assuming du ∼ ueff, we obtain M(0) ∼ m2g and a loop formation scale
mτeff ∼ 1/(mχ2/3) which is in agreement with Eq. (2.15) and [22].
Consider now r ≥ 1. Assuming (l2)eff ∼ m2χ2/3u4/3, we can estimate Π1,2(l2, uχ) ∼
m2α(uχ)2/3 for u ∼ 1 (see (A.7) in Appendix A). But, unlike for the previous case, u
appears here in the denominator of the integrand in Eq. (3.7) in the power 2(1 + r)/3 ≥ 1.
This means that the integral in u is actually formed for u ∼ 1/χ  1 due to the rapid
exponential decrease of Π1,2(l
2, χl) for χl ∼ uχ . 1 (see Figure 7 in Appendix A). To
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complete the estimate, we use Π1,2(l
2, χl ∼ 1) ∼ m2α and obtain5
M(r≥1) ∼ m2αχ2/3
∫
1
χ
du
u2/3
( α
u2/3
)r ∼ m2 gr+1
χ1/3
. (3.9)
This clarifies that for r ≥ 1 the effective value of the photon virtuality is small, (l2)eff/m2 ∼
1/χ2/3  1, and the loop formation scale is different, mτeff ∼ χ2/3/m.
So far we have only considered the terms ∝ Ai′(t). Let us now discuss the other
contributions in (2.11) and (2.16). Given that u ∼ 1/χ for r ≥ 1, we have (l2)eff/u2 ∼
m2(χ/u)2/3, hence the term ∝ l2Ai1(t) in (2.16) is of the same order as the one considered
above. In contrast, the term ∝ l2Ai1(t) in (2.11) is subleading in powers of χ due to u ∼ 1
for r = 0. Therefore, it can be neglected6 for χ  1. The same also refers to the other
terms ∝ Ai1(t) and to the spin terms ∝ F ∗µνpµsν(u/χ)2/3Ai(t) ∼ χ1/3u2/3, which are also
negligible [9, 12].
To summarize, we have reproduced the asymptotic scalings of the diagrams (1b), (2b)
and (3g) in Table 1, apart from the logχ-factors not considered here, which are the result
of an accurate elimination of the infrared divergence. Furthermore, the above analysis
extends these results to all orders, thereby establishing this aspect of the Ritus-Narozhny
conjecture. In the following this qualitative analysis will be made quantitative. Before
proceeding, however, we would like to point out a few important insights. It is clear
from these estimates that the scaling parameter g naturally originates as the ratio of
the polarization operator eigenvalues to the characteristic value of photon virtuality, g ∼
Π
(
(l2)eff, (χl)eff
)
/(l2)eff. The factor χ
−1/3 in (3.9) additionally arises for all r ≥ 1 due to
a modification of the characteristic values of u (equivalently, χl), or, in other words, the
loop formation scale. This explains the anomalous ratio ∼ αχ1/3 of the two-loop and the
one-loop mass corrections.
Due to the presence of this extra factor in higher-loop diagrams one has to distinguish
between the critical value g ∼ 1, for which all higher-order terms become of the same order
and the perturbative expansion breaks down, and the regime g  1, where higher-order
terms become comparable to the 1-loop contribution M0 and thus substantially modify
the total amplitude. This was nicely rephrased in [37], by observing that for χ = α−3/2
(i.e. g = 1), the bubble-type corrections (2b) and (3g) in Table 1 are both suppressed with
respect to (1b) by the same factor
√
α, whereas for larger values of χ, e.g. for χ ∼ α−2,
they are growing with r and hence may compete with (1b). As we have just shown, the
same happens for the higher-order (r ≥ 3) corrections as well.
3.3 Non-perturbative resummation at αχ2/3 & 1
After the qualitative discussion of the perturbative scaling in the previous section we now
present a quantitative analysis in the non-perturbative regime g & 1. To this end we
5Though our reasoning is almost similar to the one given in Ref. [12], we emphasize several important
aspects which are missing there, in particular regarding the composition of the parameter g and the origin
of the overall suppression of higher orders in elastic scattering.
6We imply here that the infrared divergence is eliminated [9].
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consider Eq. (3.6) and neglect the τa-dependences of the integrand wherever possible for
the time being,
J1(τ) ≈ −2pii
m2
θ (Re(τ))
∞∑
n=0
(−i)n
n!
Πn+1(0, χl)τ
n, Π(0, χl) =
∫ ∞
0
dτaΠ˜(τa, χl). (3.10)
This implies that we can resum the series to an exponential. In the non-perturbative domain
g = αχ2/3  1 this simplification is formalized by the expectation that the contribution to
the outer integrals is dominated by (see Eq. (A.7))
τ ∼ τeff = Π−1(0, χl) ∼
(
αχ
2/3
l m
2
)−1  τ (1)eff , (3.11)
where τ
(1)
eff is defined right after Eq. (3.5). However, we have to be careful and should in
addition ensure that J1,2(τ) vanish at τ → 0, which can be seen from Eq. (3.6). This
property is important, otherwise we would introduce an artificial divergence in the integral
over σ. Motivated by this reasoning we obtain the following approximation
J1(τ) ≈ −2pii θ
(
Re(τ)− τ (1)eff
) Π(0, χl)
m2
e−iΠ(0,χl)τ . (3.12)
Furthermore, we write
J2(τ) ≈ −2pii θ
(
Re(τ)− τ (1)eff
)(
e−iΠ(0,χl)τ − 1
)
, (3.13)
where, unlike for J1, the insertion of the θ-function is actually not mandatory. For the
sake of uniformity, however, we include it also for J2, as the modification doesn’t change
the asymptotic limit χ→∞.
The approximations given in Eqs. (3.12) and (3.13) are crucial for the analytical deriva-
tion of the non-perturbative asymptotic expansion. Therefore, we have verified their va-
lidity numerically by comparing Eq. (3.12) with an exact evaluation of J1(τ) based on the
definition (3.3). The result is shown in Figure 3, where we assumed χl = 10
4 but scaled
the axes such that the graph converges in the limit χl → ∞. The figure clearly demon-
strates that the approximation (3.12) is in excellent quantitative agreement with the exact
expression for τ  τ (1)eff = 1/
(
m2χ
2/3
l
)
. Moreover, it ensures, due to the insertion of the
Heaviside step function, that J1(τ) vanishes at τ → 0. Finally, we would like to point out
that the graph in Figure 3 has a log-log scale. Therefore, the region τ . τ (1)eff , where the
approximation is poor, doesn’t contribute significantly to a well-behaved integral over the
full range of τ .
After evaluating the integrals over dµ and dl2 one encounters the following product of
Heaviside step functions (see Eqs. (3.1), (3.12), and (3.13)), which can be transformed into
θ (Re (s)) θ
(
Re(τ)− τ (1)eff
)
= θ(u)θ (σ − σ0(u)) , σ0(u) =
[
u2/(1 + u)
]1/3
. (3.14)
Finally, after applying the derived approximations to Eq. (2.16), we obtain the re-
summed amplitude δM valid at χ 1. It is convenient to split it into three parts:
δMi(χ) = δM(I)i (χ) + δM(II)i (χ) + δM(III)i (χ), i = 1, 2, (3.15)
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Figure 3. A test of the approximation (3.12) for J1(τ) (dashed line) against its direct numerical
evaluation (solid line) shown in a double-logarithmic scale (the inset shows the same in a linear
scale).
where
δM(I)1,2(χ) =
αm2
2pi
∫ ∞
0
du
(1 + u)2
∫ ∞
σ0(u)
dσ
σ
e−iσ
3/3−iσ(u/χ)2/3
(
e−igσϕ1,2(u) − 1
)
, (3.16)
δM(II)1,2 (χ) =
αm2
2pi
∫ ∞
0
du
(1 + u)2
(χ
u
)2/3(u2 + 2u+ 2
1 + u
± 1
)
×
∫ ∞
σ0(u)
dσ σ e−iσ
3/3−iσ(u/χ)2/3
(
e−igσϕ1,2(u) − 1
)
,
(3.17)
δM(III)1,2 (χ) =
αgm2
4pi
∫ ∞
0
du
(1 + u)2
(χ
u
)2/3 u2 + 2u+ 2
1 + u
ϕ1,2(u)
×
∫ ∞
σ0(u)
dσ
σ
e−iσ
3/3−iσ(u/χ)2/3e−igσϕ1,2(u).
(3.18)
Here we introduced the abbreviations ϕi(u) = (1 + u)pii(χl)/(χu)
4/3 and Πi(l
2 = 0, χl) =
αm2pii(χl). Notably, the exponential dependence on the on-shell eigenvalues of the polar-
ization operator in a CCF Π1,2(l
2 = 0, χl) manifests the non-perturbative nature of this
result.
4 Asymptotic behavior of δM for αχ2/3  1
Below we determine the high-χ asymptotic behavior of each contribution (3.16), (3.17) and
(3.18) to δM. It turns out that they exhibit different formation regions, which implies that
each contribution also has a different physical interpretation.
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4.1 Contribution δM(I)
In Eq. (3.16) it is convenient to change the order of integration in the following way∫ ∞
0
du
∫ ∞
σ0
dσ . . . =
∫ ∞
0
dσ
∫ u0(σ)
0
du . . . , u0(σ) =
σ3
2
+
√
σ6
4
+ σ3. (4.1)
Effectively the integrals are formed around σ ' σeff = 1 and u ' ueff = 1 (to be justified a
posteriori). This implies that χl ≈ uχ ∼ χ 1 (see Eq. (2.13)) and thus pii(χl) ' Kiχ2/3l ,
where Ki are the numerical coefficients defined in the Appendix A (see Eq. (A.8)).
In virtue of the above we can neglect σ(u/χ)2/3 = O(χ−2/3) and retain only the first
non-vanishing term of the expansion in the small argument gσϕi(u) ' αKi  1 of the
exponential. Thus, we obtain
δM(I)i (χ) ' −C(I)Kiα2m2, i = 1, 2; (4.2)
where the coefficient
C(I) =
i
2pi
∫ ∞
0
dσ e−iσ
3/3
∫ u0(σ)
0
du
u2/3(1 + u)5/3
≈ 0.256 + 0.325i, (4.3)
is easily evaluated numerically. Note that the formation regions assumed above become
transparent in Eq. (4.3).
The resulting contribution δM(I) = ∑2i=1 δM(I)i = O(α2) contains no enhancement for
χ 1. Notably, the expansion of the exponential in gσϕi(u) coincides with a perturbative
expansion, and the final contribution to δM is subleading. We point out that τeff '
1/
(
m2χ
2/3
l
)
implies that the approximation (3.12), (3.13) is actually not sufficient for an
accurate calculation of δM(I)i . However, as the contribution is sub-dominant, we do not
investigate it any further.
4.2 Contribution δM(II)
Next we consider Eq. (3.17). It is again convenient to interchange the order of integration
using Eq. (4.1). This time, the resulting integral is formed around σ ' σeff = 1, but in
contrast to δM(I) around the smaller value u ' ueff = α3/2  1 (cf. the discussion in
Section 3.2). Assuming g = αχ2/3  1, this still implies χl ≈ uχ ' g3/2  1 (see Eq.
(2.13)) and thus, as for δM(I), pii(χl) ' Kiχ2/3l . The approximations (3.12), (3.13) are
valid, since
τeff ' τ(σeff , ueff) ' 1
αgm2
 1
m2χ
2/3
l
, (4.4)
where τ(σ, u) is defined in Eq. (3.4). As for δM(I), it is possible to neglect the term
σ(u/χ)2/3 = O(αχ−2/3).
Furthermore, due to ueff  1, we can neglect u in the integrand where possible and
replace the upper limit of the du-integral by infinity,
δM(II)1,2 ≈
(2± 1)αχ2/3m2
2pi
∫ ∞
0
dσ σe−iσ
3/3
∫ ∞
0
du
u2/3
(
e−iK1,2ασ/u
2/3 − 1
)
. (4.5)
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Figure 4. Dependence of the resummed bubble-type mass correction on χ (g on the upper scale):
asymptotic expressions (4.8), (4.13) for χ  1 (dashed lines) vs direct numerical evaluation of
(3.17), (3.18) (solid lines).
To simplify this expression even further we note that
∞∫
0
du
u2/3
(
e−iζ/u
2/3 − 1
)
= 3ei
5pi
4
√
piζ, ζ = K1,2ασ, (4.6)
∫ ∞
0
dσ σ3/2e−iσ
3/3 = e−i
5pi
12 3−
1
6 Γ
(
5
6
)
, (4.7)
where Γ(ζ) is the Euler Γ-function. Finally, we obtain
δM(II) =
2∑
i=1
δM(II)i ' ei
5pi
6
3
5
6
2
√
pi
Γ
(
5
6
)(
3
√
K1 +
√
K2
)
α3/2χ2/3m2
≈ (−0.995 + 1.72i)α3/2χ2/3m2 (4.8)
The integrals in Eqs. (4.6) and (4.7) are obviously formed at the scales u ' ζ3/2 ' α3/2
and σ ' 1.
A numerical comparison between the exact (3.17) and the asymptotic (4.8) expressions
is shown in the upper panel of Figure 4. One can see that the asymptotics (4.8) is indeed
eventually achieved, though for extremely high values χ & 106 corresponding to g ∼ 100.
For smaller χ Eq. (4.8) notably overestimates the exact result. The error is particularly
large for the real part, which changes sign at χ ' 8 · 103.
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4.3 Contribution δM(III)
Finally, we consider the last contribution (3.18). Here it is convenient to keep the integra-
tion order but change the integration variables from u to χl = uχ/(1 + u) and from σ to
σ˜ = σ/σ0(u). Assuming u ' ueff  1 (to be confirmed a posteriori) we neglect u where
possible, in particular the term σ(u/χ)2/3. Thus, we obtain
δM(III)i ≈
α2m2χ
2pi
∫ ∞
0
dχl
χ2l
pii(χl)
∫ ∞
1
dσ˜
σ˜
e−i(χl/χ)
2σ˜3/3−iασ˜pii(χl)/χ2/3l . (4.9)
In virtue of pii(χl  1) ' Kiχ2/3l , the integrals are effectively truncated from above at
χl ' (χl)eff = 1 and σ˜ ' α−1 for αχ2/3  1. This implies that ueff = χ−1  1 (as initially
assumed, cf. the prerequisites to Eq. (3.9)) and σeff = (αχ
2/3)−1  1. Therefore, our
approximations (3.12), (3.13) are justified as
τeff ' τ(σeff , ueff) ' 1
αm2
 1
m2(χl)
2/3
eff
. (4.10)
Moreover, it is also possible to neglect the first term O(g−3) in the exponential in
Eq. (4.9). As a result, we find that
δM(III)i ' C(III)i α2χm2, (4.11)
where the numerical factors C
(III)
i are given by
C
(III)
1,2 =
1
2pi
∫ ∞
0
dχl
χ2l
pi1,2(χl) E1
(
iαpi1,2(χl)/χ
2/3
l
)
=
{
−0.0395− 0.472i,
−0.0634− 0.703i.
(4.12)
Here E1(ζ) =
∫∞
1 dt e
−ζt/t is the exponential integral. Correspondingly,
δM(III) =
2∑
i=1
δM(III)i = −(0.103 + 1.18i)α2χm2. (4.13)
A numerical comparison between the asymptotic result in Eq. (4.13) and the exact
expression in Eq. (3.18) is shown in the lower panel of Figure 4. Similar as for δM(II), the
asymptotic result becomes reliable for χ ∼ 106 (g ∼ 100). However, unlike for δM(II), it
represents a good order-of-magnitude estimate even for smaller χ.
5 Summary and discussion
After a detailed analysis of radiative corrections in a CCF of up to 3rd-loop order [6–
12], Ritus and Narozhny conjectured that in the strong-field regime χ  1 the expansion
parameter of QED perturbation theory in a CCF is g = αχ2/3. Recent suggestions [22–26]
how this regime could be reached experimentally renewed the interest in this old but so far
unsolved problem of quantum field theory.
The parameter g appears already in the leading-order 1-loop calculation of the correc-
tion to the electron mass M0 = O(g) [9], and its importance was substantiated further in
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Ref. [12] by comparing the leading contributions in 2nd and 3rd loop order (see Table 1,
diagrams (2b) and (3g)). This analysis suggested that g might be the relevant expansion
parameter, i.e., that an all-order non-perturbative resummation becomes necessary in the
regime g & 1. In order to elucidate the Ritus-Narozhny conjecture we have considered here
the high-χ asymptotic behavior of a certain class of radiative corrections to the electron
mass beyond 3 loops, namely the bubble-chain corrections to the mass operator shown in
Figure 1.
The calculation of polarization corrections in a CCF naturally introduces an effective
charge αeff(l
2, χl) = Z(l
2, χl)α. It depends both on the energy/momentum l
2 exchanged
during the interaction and the effective field strength χl (which also scales with the energy
of the participating particle). Its dependence on χl turns out to be logarithmic, as one
might expect based on the logarithmic effective charge obtained in field-free QED [32].
However, a strong difference with field-free QED is observed, for example, in the scaling of
the mass correction M(χ) itself.
According to our analysis, the leading (r+1)-loop mass correctionM(r) with r bubble
insertions scales asM(r) = O(χ−1/3gr+1) in a CCF (see Eq. (3.9), r ≥ 1). This is precisely
what is asserted in the Ritus-Narozhny conjecture, hence proves it for r ≥ 3. Notably, the
parameter g = αχ2/3 originates from the ratio of the field-induced polarization operator
eigenvalue to the photon virtuality l2, evaluated at their typical scales. The additional
factor χ−1/3 arises at higher orders r ≥ 1 due to modification of the loop formation scale,
and explains the puzzling anomalous ratio of the 2nd to the 1st loop result (see Table 1 (1b),
(2b) and Section 3.2). While the leading order correction M0(χ  1) = O(g) is formed
with an effective photon virtuality (l2)eff ∼ m2χ2/3 and proper time mτeff ∼ χ−2/3/m, this
changes to (l2)eff ∼ m2χ−2/3 and mτeff ∼ χ2/3/m for r ≥ 1. This means that for χ  1
the virtuality of higher loops containing polarization insertions is much smaller and their
spatial extension is much larger than for a loop without insertions. It is worth stressing
that all higher-order bubble-chain contributions become of the same order for g ∼ 1. This
unambiguously manifests a breakdown of perturbation theory, even if the higher-order
contributions remain smaller than the leading-order 1-loop prediction. For g & 1 one
therefore has to carry out an all-order resummation of such bubble-chain contributions.
Here, we study the mass correction M(χ) in the regime g & 1 (see Section 2 for the
exact definition). The following decomposition is convenient
M(χ) =M0(χ) + δM, δM = δM(I)(χ) + δM(II)(χ) + δM(III)(χ), (5.1)
where M0(χ) (see Eq. (2.11)) is the leading-order perturbative result and δM (see Eqs.
(2.10), (2.16), and (3.15)) have been determined by resumming bubble-chain polarization
corrections, see Figure 1 and Eq. (2.3). Notably, our result (see Eq. (3.15)) is essentially
non-perturbative, as can be seen from the exponential dependence on the polarization
operator eigenvalue and therefore also on α.
It turns out that δM(I) can be neglected (see Section 4.1) and that the dominant
contributions originate from δM(II) (see Section 4.2) and δM(III) (see Section 4.3). The
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Figure 5. The cuts of the bubble diagram for corrections to photon emission (left) and to trident
pair production (center). Right: additional dressing due to electron mass corrections.
asymptotic expressions (4.8) and (4.13) exhibit the following scaling for g  1
δM(II) = O(√α g) = O(χ−1/3g3/2), δM(III) = O(√α g3/2) = O(χ−1/3g2). (5.2)
This result confirms that the parameter g = αχ2/3 determines the scaling of radiative
corrections even in the regime g & 1, where perturbation theory is no longer valid. The
non-perturbative nature of the presented calculation manifests itself in the non-analytical
dependence of the result on α: δM(II) depends on √α, whereas δM(III) implicitly contains
logα in the definition (4.11) of C
(III)
i .
For g  1 the contributions δM(II) and δM(III) differ not only in their scaling with χ,
but also in their formation regions (see Sections 4.2 and 4.3). The perturbative contribu-
tions (such asM0 or δM(I)) are formed around χl ' χ and σ ' 1. The contribution δM(II),
however is formed around σ ' 1 and χl ' (χl)eff = α3/2χ. Therefore, 1  (χl)eff  χ.
Finally, δM(III) is formed around χl ' 1  χ and σ ' (αχ2/3)−1  1. Thus, the proper
time of the dressed photon exceeds the electron proper time by a factor u−1 & 1 and we
obtain the following estimates for the total proper time: mτ (I) ' (mχ2/3)−1 (cf. [22, 38]),
mτ (II) ' (α2mχ2/3)−1, and mτ (III) ' (αm)−1, respectively.
As the formation regions differ for δM(II) (see Eq. (4.8)) and δM(II) (see Eq. (4.13)),
their physical interpretation should differ as well. According to the optical theorem ra-
diative corrections are closely related to the total probabilities of associated branching
processes [19]. The imaginary part of the mass operator determines the electron lifetime
inside a background field [7–10, 33]. The electron state can either decay by emitting a pho-
ton or by directly producing an electron-positron pair (trident process). Both processes
are qualitatively different and are obtained by two types of cuts shown in Figure 5.
Based on their scaling with χ we have to associate δM(II) with photon emission and
δM(III) with trident pair production, which are known to be the same as the contributions
(1b) and (2b) in Table 1. This identification is supported by the abnormal and normal
signs of the imaginary parts of the corrections δM(II) and δM(III), respectively. The fact
that the probability of a one-particle state must decay and cannot increase determines
the allowed total sign of the imaginary part. Therefore, δM(II) must be a correction to
the leading-order result M0, which clearly describes photon emission. The contribution
δM(III), however, has the right sign and describes a decay process which requires at least
two interactions, trident pair production.
The real and imaginary parts of the on-shell mass operator are shown in Figure 6.
The solid yellow line M0(χ) + δM(II)(χ) and the dash-dot blue line M0(χ) demonstrate
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Figure 6. Dependence of the resummed bubble-type mass correction on χ (g on the upper scale):
the cumulative mass corrections for αχ2/3  1 (inset: the same dependence on χ magnified in the
range near αχ2/3 ∼ 1).
the impact of polarization effects on photon emission. In the asymptotic region (g  1)
nonperturbative effects are responsible for a
√
α ' 10% reduction of both the real and the
imaginary part of the invariant amplitude.
In general, however, the contribution δM(III)(χ) (solid green curve) totally dominates
and results in a rather substantial suppression of the real part and an enhancement of
the magnitude of the imaginary part. The region g = αχ2/3 ' 1, which could be accessed
experimentally in the mid-term future [22–26], is shown separately in the insets. The curves
have been obtained by a direct numerical evaluation of the integrals in (3.17) and (3.18).
In this regime higher-order corrections to photon emission are at the level of ∼ 0.1% for
the real and ∼ 1% for the imaginary part, respectively.
We emphasize that the relative smallness of δM(II) and/or δM(III) with respect toM0
for g ' 1 does not imply that the breakdown of perturbation theory is somehow shifted to
higher values of g. As discussed above, it occurs when all higher-order corrections become of
the same order, which happens for g ∼ 1. The observed suppression is specific to processes
like elastic scattering or photon emission. On the other hand, corrections to the trident
process, corresponding to δM(III), are obviously of the same order as the process itself at
the point of breakdown g & 1 (see corresponding diagram (2b) in Table 1). We expect the
same to be true for general higher-order QED processes. Therefore, our calculations could
be tested experimentally, as the regime g & 1 is accessible in the mid-term future [22–26].
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Finally, we would like to point out that we only considered one particular subset of
diagrams. Hence, further studies are necessary before final conclusions can be drawn. In
particular, it should be shown directly that the bubble-type corrections considered here
represent indeed the dominant contribution in the asymptotic regime. This dominance is
essentially related to an expected suppression of the vertex correction. Whereas this sup-
pression has been proven rigorously in the case of a supercritical magnetic field [39], the
late work of the Ritus group on this subject actually questioned this assumption for a CCF
[14]. Therefore, the calculation presented in [14] should be revisited. Naturally, also the
electron mass corrections should be resummed, see right panel in Figure 5. Their relative
suppression at 3-loop (see Table 1) could be peculiar to this order. The observed domi-
nance of δM(III) over δM(II) may indicate that other corrections (e.g., rainbow diagrams)
with higher multiplicity in the virtual channel are equally or even more important. Fur-
thermore, the direct evaluation of polarization corrections to photon emission and trident
pair production would be instructive. Whereas the calculation presented here reveals how
the total probabilities scale, modifications to the spectrum are only accessible if corrections
to the branching processes are calculated.
A One-loop polarization operator in a constant crossed field
For completeness, we provide here the explicit expressions for the renormalized one-loop
polarization operator in a CCF [4, 6, 7].
The three non-trivial renormalized eigenvalues read
Π1,2(l
2, χl) =
4αχ
2/3
l m
2
3pi
∫ ∞
4
dv
v13/6
v + 0.5∓ 1.5√
v − 4 f
′(ζ), (A.1)
and
l2Π̂(l2, χl) = l
2 4α
pi
∫ ∞
4
dv
v5/2
√
v − 4
[
f1(ζ)− log
(
1− 1
v
l2
m2
)]
. (A.2)
Here
ζ =
(
v
χl
)2/3(
1− l
2
vm2
)
, (A.3)
and
f(ζ) = i
∫ ∞
0
dσ e−i(ζσ+σ
3/3), f1(ζ) =
∫ ∞
ζ
dz
(
f(z)− 1
z
)
(A.4)
are the Ritus functions defined as in [4]. When the external field is switched off, Π1,2 vanish
and l2Π̂ is reduced to the well-known expression for the one-loop polarization operator in
field-free QED [40]. We assume the standard renormalization condition that (A.1), (A.2)
vanish at l2 = 0 in the absence of the external field χl = 0 [9].
By carrying out a resummation of the Dyson series one obtains the following expression
for the bubble-chain photon propagator [9]
Dcµν(l) =
−i
l2 − l2Π̂gµν +
iΠ1
(l2 − l2Π̂)(l2 − l2Π̂−Π1)
εµ(l)εν(l)
+
iΠ2
(l2 − l2Π̂)(l2 − l2Π̂−Π2)
ε∗µ(l)ε
∗
ν(l).
(A.5)
– 20 –
100 101 102 103 104
χl
10−4
10−2
100
|R
e
Π
1,
2(
0,
χ
l)
|/m
2
|Re Π2|
0.26αχ
2/3
l
|Re Π1|
0.18αχ
2/3
l
100 101 102 103 104
χl
10−4
10−2
100
|Im
Π
1,
2(
0,
χ
l)
|/m
2
|Im Π2|
0.46αχ
2/3
l
|Im Π1|
0.30αχ
2/3
l
100 101 102 103 104
χl
10−6
10−5
10−4
10−3
Π̂
(0
,χ
l)
|Re Π̂(0, χl)|
|Im Π̂(0, χl)|
0 5 10 15 20 25
−2
0
2
R
e
Π
1,
2
×10−3
10−2 10−1 100
g
0 5 10 15 20 25
−2
−1
0
Im
Π
1,
2
×10−2
10−2 10−1 100
g
10−2 10−1 100
g
Figure 7. Dependence on χl (g on the upper scale) of the real (left) and imaginary (center)
parts of the polarization operator eigenvalues Π1,2 on the bare mass shell l
2 = 0, along with the
corresponding asymptotics (A.7) (insets: the same dependence on χl magnified in the range near
χl ∼ 1). Right: the same dependence for the real and imaginary parts of Π̂ (or equally Z−1 − 1).
With the notation
Z(l2, χl) =
1
1− Π̂(l2, χl)
, (A.6)
the propagator Dcµν(l) takes the form (2.3). In any diagram the propagator always connects
two vertices. Therefore, the factor Z appears only in combination with α. Together they
compose the effective coupling αeff(l
2, χl) = Z(l
2, χl)α. We adopt the terminology of
Ref. [32], where the value αeff(0, χl) is called the field-dependent effective charge.
Note that for χl  1 and on bare mass shell l2 = 0 we have
Π̂(0, χl) ' − α
3pi
logχ
2/3
l , Πi(0, χl) ' αm2pii(χl), pii(χl) = Kiχ2/3l , (A.7)
where
K1 = 0.175(1− i
√
3), K2 = 1.5K1. (A.8)
The dependence of the on-shell expressions (A.1) and (A.2) on χl is shown in Figure 7. One
can see that the asymptotics (A.7) are achieved for χl & 103 and that Π̂ = O(10−2) for all
reasonable values of χl. Since asymptotically Π̂(l
2, χl) = O(α) only has a weak logarithmic
dependence on χl and l
2, it is possible to neglect small modifications of the effective charge
by setting Z(l2, χl) ≈ 1 and αeff ≈ α throughout the paper.
Finally, in virtue of Eqs. (A.1), (A.3) and (A.4) pii can be represented by a one-sided
Fourier integral (3.5), where
Π˜1,2(τ, χl) =
4α
3pi
χ2l τm
6
∫ ∞
4
dv
v3/2
v + 0.5∓ 1.5√
v − 4 e
−im2v(τ+m4χ2l τ3/3), (A.9)
and the characteristic values of the variables around which the integral is formed are
obviously v ' 1 and τ ' min
{
1
m2
, 1
m2χ
2/3
l
}
.
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